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Abstract

Two new graphs namely the North Star graph and the Lotus Star graph are introduced in this article. It
aims to focus on some labeling methods on both of the graphs. Both the graphs are investigated with a
few types of labeling like cordial labeling, sum cordial labeling, signed product cordial labeling and E
- sum cordial labeling.
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1. INTRODUCTION

We begin with simple, finite, undirected graph G = (V(G), E(G)), where V(G) and E(G) denotes the vertex set
and the edge set respectively. For all other terminology we follow Gross [11]. We provide some useful
definitions for the present work.

1.1 Definition

Definition 1.1: The graph labeling is an assignment of numbers to the vertices or edges or both subject to
certain condition(s). A detailed survey of various graph labeling is explained in Gallian [2].

Definition 1.2: [2] For a graph G = (V(G), E(G)), a mapping f:V(G) — {0, 1} is called a binary vertex
labeling of G and f(v) is called the label of the vertex v of G under f. For an edge e = uv, the induced edge
labeling f*: E — {0,1} defined as f*(uv) = |f(u) — f(v)|. Let vf(0) and vf(1) be the number of vertices of

G having labels 0 and 1 respectively under f and let e£(0) and ef(1) be the number of edges having labels 0 and
1 respectively under f*.

Definition 1.3: A binary vertex labeling f of a graph G is called a cordial labeling if |vr(0) — vs(1)| < 1 and
ler(0) — ef(1)] < 1. A graph G is said to be cordial if it admits cordial labeling.
The notion of cordial labeling was introduced by Cahit [1].

Definition 1.4: A signed product cordial labeling of a graph G is a function f: V(G) = {—1, 1} such that each
edge uv is assigned the label f(u) f(v), the number of vertices with label —1 andthe number of vertices with
label 1 differ by atmost 1 and the number of edges with label —1 and thenumber of edges with label 1 differ by
atmost 1. A graph which admits signed product cordial labeling is called a signed product cordial graph.

The notion of signed product cordial labeling was introduced by Babujee and Loganathan [3].

Definition 1.5: A binary vertex labeling of a graph G with induced edge labeling f*: E(G) — {0, 1} defined by
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fruv) = (f(w) + f(v))(mod 2) is called a sum cordial labeling if |vf(0) —vr(1)| < 1and |ef(0) —
er(1)] < 1. A graph G is said to be sum cordial graph if it admits sum cordial labeling.
The notion of sum cordial labeling was introduced by Shiama [4].

Definition 1.5: An E — sum cordial labeling of a graph G is an edge labeling f*: E(G) — {0, 1} with an induced
vertex labeling defined by f(u) = Y{f(uv)| uv € E(G)} (mod 2), where uv are all the incident edges on u,
such that it satisfies the condition |vf(0) — vf(1)| < 1 and |ef(0) — ef(1)| < 1. A graph G is said to be E -
sum cordial graph if it admits E - sum cordial labeling.

Origami is an ancient Japanese art of folding paper. The word origami comes from two Japanese words: “ori”,
which means to fold, and “kami”, which means paper. Usually, origami models are made strictly by folding
paper. There is no cutting or gluing involved. Even if origami is mainly an artistic product, it has received a
great deal of attention from mathematicians, because of its interesting algebraic and geometrical properties. We
present two new graphs inspired from a model of origami namely North Star and Lotus Star. Also we defined
[5] a shining alice graph, [6] a holiday star graph, [7] a Kusudama flower graph, [8] a boreale star graph, [9] a
christmas star graph and [10] a braided star graph; We tested various labeling methods on it.

1.2 Construction of North Star graph (NS,):

Let vq, vy, ..., Vsn—1, Ve be consecutive 6k vertices of cycle graph Cg,. We form a star graph K, using an
additional vertex vy, call it an apex vertex and end vertices as V1, V7, ..., Ven—11, Ven—s from the cycle Cgp.
Introducing new vertices u; such that u; is adjacent to vg;_4, Vg;—» and vg;, for each i € [k]. The resulting graph
is called North Star graph NS,,.

V(NS,) = {vo}U{v; | i € [6k]}U{w; | i € [k]} and

E(NSn) = {gi = vovei-s, fi, = WiVei-4, fi = UiVei-2, fr, = Uivei | i € [k]} U{ei, = vei-svsi-4, €1, =

veisi+1|i € [k — 1]} U{en, = Ven—5ven—4, €n, = venv1} U{p1, = vei-4vsi-3,pr, = veivei-1| i € [k]}U{q, =
V6i—3Vei—2, qr; = Vei—2Vei—1l L € [K]} .

Thus, |V(NS,)| = 7k + 1 and |E(NS,)| = 10k.

Figure 1: NS, and Origami NS,

1.3 Construction of Lotus star graph (LS,):

Let vy, vy, ..., Van—1, Van, be consecutive 4k vertices of cycle graph C4,. We form a star graph K, using an
additional vertex vy, call it an apex vertex and end vertices as vq, Us, ..., V43 from the cycle Cy4y,. Introducing
new vertices ui such that ui1 is adjacent to {v1, vz, van} and each ui is adjacent to {vai-2, Vai-1), Vai-3|i =
2,3, ..., k}. The resulting graph is called lotus star graph LSn.

V(LSy) = {vo}U{v; | i € [4k]}U{u; | i € [k]} and
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E(LSn) = {gi = vovai-3, fi=vai—swi|i € [k]} U{ey, = vai—3vai—2, €i, = Vai—2Vai-1, €i; = Vai—1V4;, €y =
VaVai+1| i € [k — 1]} U{en, = van—3Van—2, €n, = Van—2V4an—1, €ny = Van—1V4n, €n, = VanV1}U{fr, =
UVgi—2|i € [KIJU{f1,,; = wir1vali € [k — 1U{f1, = u1v4n}.

Thus, |V(LS,)| =5k + 1 and |E(LS,)| = 8k.

Figure 2: LS, and Origami LSg

2. RESULT AND DISCUSSION

Theorem 2.1: NS, is a signed product cordial graph when k is even and k = 3.
Proof: Case 1: k = 0 (mod 4)

Define an injective function f:V(NS,) — {—1, 1} as follows:
-1, if x = vo;

k
L ifx=wi=2k-1Lke[];
k
-1 if x=wi=2kk € [5];

1, if x =v;,i =6k —4,k € [k];
-1, if x =v,i = 6kk € [k];

1, ifx=v,i=12k—9ke€]

’
’

k
%
-1, fx=wi=12k-3ke€[]
k
L ifx=wi=12k-1Lke[,I;
f(x) = _ _ ke
-1, fo=vi,1=12k—7,k6[§];
k
-1, ifx=wi=12k-1Lk€5];
L ifx=wi=12k-5ke[];

k
L, ifx=wi=24k—20,k € [g];
1,  ifx=vyi=24k—14k€ ’i];

-1, ifx=v,i=24k -8,k € ;

i [jk]

(-1 if x =vi,i =24k -2,k € [Z]'

Thus, by above labeling we obtain v (1) = M2 and v -1 = 71 Also,e (1) =e (—1) = 5k.
f 2 f 2 f f

Case 2: k = 2 (mod 4)
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Define an injective function f:V(NS,) — {—1, 1} as follows:
-1, if x = vo;

k
L ifx=wi=2k-1ke3;
k
-1, ifx=ui,i=2k,ke[§];
1, if x =v,i=6k—4,k € [k];
-1, if x=v,i=6kke€ k]
1, ifx =v;,i =12k — ng[Z\]
-1, ifx=v,i=12k -3,k € ;
i 51
1, ifx=vi,i=12k—1,ke[z];
- k
fFG) =4 if x = vi=12k~ 11,k € [];
k
1, fo—m,t—le—SkEliQ]

-1, ifx=v,i=12k—-7k € ;
: 5]

K+ 2
1, ifx=uvi=24k—20k€[—];
k+2
1, fo—vl,1—24k—14ke[ 42
-1, ifx=vi,i=24k—8,ke[ 1:
-1, ifx=v_,i=24k—2,ke[—_ ]

\

4
Thus, by above labeling we obtain v (1) = 72 and v ( 1) = ™ Also, e (1) =e (—1) = 5k. Hence,
f 2 f f

T2 2
f satisfies the condition |vr(—1) — vr(1)| <1 and |ef(—1) — ef(1)| < 1. So, f admits signed product cordial

labeling for NS,,. It is a signed product cordial graph.

Theorem 2.2: LS, is a signed product cordial graph for k = 3.
Proof: Case 1: k is even

Define an injective function f:V(LS,) — {—1, 1} as follows:
-1, if x =vo;
—1, fo = 'U4,i_3,i € [k],
1, if x =u;i € [k];
1, fo U4i_2,i S [k],
fO =1, ifx=uvyie [k,

1, if x = vsi-s,i € [2];

-1 if x = e 1,15[12]
= 5 and v (1) =17 Also, e (1) = e (=1) = 4k

Thus, by above labeling we obtain v (—1)
f 2 f 2

Case 2: k is odd.
Define an injective function f:V(LSn) — {—1, 1} as follows:
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-1, if x = wvo;

(_1' if x =v4_3,1 € [K];
1, lfx =u;l € [k],
1, if X =v4_2,1 € [k];
f)=194-1  if x=wvai€ k]
k+1
1, if x=vsi-s5i €]

1;
1, ifx=v_ ,ie[u].
8i—1

Thus, by above labeling we obtain v (—1) =v (1) = Sl Also, e (1) = e (—1) = 4k. Hence, f satisfies the
f f 2 f f
condition |vf(—1) —vr(1)| < 1 and |ef(—1) — ef(1)| < 1. So, f admits signed product cordial labeling for

LS,. It is a signed product cordial graph.

Theorem 2.3: NS, is a cordial graph for k > 3.
Proof: Define f: V(NS,) — {0, 1} as follows:

0, if x = vo;
1, if x € {vei—s, Vei—a, wi| 0 € [K]};
fx) = 0, if x € {vei-2, vei-1, Vsi| i € [k]};
L1 +(~1)i+1

> , if x € {vei-3| i € [K]}.

Thus, v (1) = "] and v (0) = L+ 1.

f 2 f 2
The induced edge labeling f*: E(NS,) = {0, 1} is f*(uv) = |f(uw) — f(v)|, for every edge e = uv € E.
Thus,

0, if e €{ey, f1,qrypr| L € (K]}

1, ife€{gififrli€ [k}
1, if e €fe,|i€l[k—1]}
f*(E) — 1, lf e = enz;
1+ (—1)i+t
f! lf eE {qlil S [k]}'
1+ (-1
- if e €{py| i€ [k]}

Thus, ef(1) = ef(0) = 5k. Hence, f satisfies the condition |vf(0) — vr(1)| < 1 and |ef(0) — ef(1)| < 1. So,
f admits cordial labeling for NS,,. It is a cordial graph.

Theorem 2.4: LS, is a cordial graph for k > 3.
Proof: Define f:V(LS») — {0, 1} as follows:

1, if x =wvo;
1, if x € {(Vai-3,vai | 1 € [k]};
fx) = 10_]_ (-1 if x € {uy v | i € [k]};
|\72 , o if x €{va-1 | i € [K]}

Thus, v (0) = ] and v (1) = L% + 1.

f 2 f 2
The induced edge labeling f*: E(LS,) — {0, 1} is f*(uv) = |f(w) — f(v)|, for every edge e = uv € E.
Thus,
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0, if e €{gifrlic€lkl};
0, if ec{ey|i€[kl}
1 if e€{fifu e,lie€lkl}

f© =13 141y
| 2
L1+G4Wﬂ ifee ¢ €[k}
2 i3

, ifeefe i€kl

Thus, ef(1) = ef(0) = 4k. Hence, f satisfies the condition |vf(0) — vr(1)| < 1 and |ef(0) — ef(1)| < 1. So,
f admits cordial labeling for LS,,. It is a cordial graph.

Theorem 2.5: NS, is an E - sum cordial graph for k = 0,1 (mod 4) and k > 3.

Proof: Case 1: k = 1 (mod 4).
Define f* E(NS,) = {0, 1}, for every edge uv € E as follows:

0, ife€{fi,fi,puqli€lk]}

1L, ife€fgifropranli€lkl}
k+1
0, ifeefelie[—1}
k+1
L ife€feylie[— 1}
fre) =40, ifee g |[i=KtS5Kk+9
" 2 2
k+5 k+9
1, if e € {ei,| i = ——r—5—> - K}
k+3 k+7
1, ifeefe|li=— —, ..., k—1};
feefonli=———
0, ifeefe |i=kFT3 KT k1)
l 2 2 2
Thus, ef(1) = ef(0) = 5k. The induced vertex labeling f: V(NS,) = {0,1} is f*(u) = X, f(uv) (mod 2), for
every vertex v € V. Thus, v (0) = v (1) = 7kl
f f 2
Case 2: k = 0 (mod 4).
Define f* E(NS,) — {0, 1}, for every edge uv € E as follows:
0, ife€{fi,fi,puqli€lk]}
L ifee {gi.fn.pri{. qr| i € [k}
0, ifeefe |ief;
k
1, ifeE{ei2|iE[E]};
i@ =Jlo, ifeec g |i=ktrk+8 1,
i 2 2
k+4 k+8
1, ifee{ei2|i=T.T.---.k};
k+2 k+6
1, ifee{ei1|i=T,T,...,k—1};

J ——)

0, ifeefe |i=k+t2k+6  h_13.
2 2 2
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Thus, ef(1) = ef(0) = 5k. The indyged vertex labeling f: V(NS,) - {0,1} is f*(w) = X f(uv) (mod 2), for
every vertex v € V Thus, v (0) = L [andv (1) = nj:l]

f ) f 1,
Hence, f satisfies the condition |vf(0) — vr(1)| <1 and |ef(0) — ef(1)| < 1 for both the cases. So, G admits
cordial labeling for NS,,. It is an E - sum cordial graph.

Theorem 2.6: LS, is an E - sum cordial graph for k =0, 2,3 (imod 4) and k > 3.
Proof: Case 1: k is even.
Define f*: E(LS,) — {0, 1}, for every edge uv € E as follows:

0, if e € {ei, ey, fili € [K]}

1, ifeE{gi,fi,frill'Egck]};

0, ifeefes, |iek—L-1]};
T

f(e) = 1, ifeE{ei3|l'e[k_LZ[]};

k k
1, ifeE{ei2|i=k+1—L%[,k+2—L%[,...,k};
0 ifeefenli=k+1-1LLk+2-15[ .. k)

Thus, ef(1) = ef(0) = 4k. The induced vertex labeling f:V(LS,) = {0,1} is f(u) =Y, f(uv) (mod 2), for

2 and v 1 = " when k = 0 (mod 4) and vf(O) =""and vf(l) = 2

2 f 2 2 2

every vertex v € V. Thus, vf(O) =
when k = 2 (mod 4).

Case 2: k = 3 (mmod 4).

Define f*: E(LS,) — {0, 1}, for every edge uv € E as follows:

0, if e € {ei,, e, fi]i € [K]};

1,  ife€{gyfifr|ic€l[kl};
3k—1

0, ifecfe,li€] 1};

f*(e)=<1, ifee ¢ |iE[M]};

i3

4
) ) 3k+3 3k+7
1, Lfee{ei2|1= R , e k)

0, ifee g |i=3k+33k+7 4
l e 4 4

Thus, ef(1) = ef(0) = 4k. The induced vertex labeling f:V(LS,) = {0,1} is f(u) = f(uv) (mod 2), for
5n+1

every vertex v € V. Thus, vf(O) =" and vf(l) =
2 2
Hence, f satisfies the condition |vf(0) — vs(1)| < 1 and |ef(0) — ef(1)]| < 1 for both the cases. So, G admits

cordial labeling for LS. It is an E — sum cordial graph.
Theorem 2.7: NS, is a sum cordial graph for k > 3.

Proof: Case 1: k is even.
Define f: V(NS,) — {0, 1} as follows:
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fl) = é 0,

o

0,
|

1,
7n+g

Thus, v (0) = ]7_"] andv (1) =L
f 2 f
Case 2: k is odd.

Define f: V(NS,) — {0, 1} as follows:

2

]

1,

f) =

\0.

Thus,v (0) =v (1) = m Thus, obtained induced edge labeling is e
f f

2

labeling for NS,,. It is a sum cordial graph.

if x = vo;

k
if x € { vei-s, vi2i-7 |i € [E]}i

k+2 k+4
ifx €{veis|li=——r—>5—
ifxe{v v |i € [k]};
6i-4  6i—3

if x €{ve | € [k]}ik

if x € {(vi2i-1 |7 e 1N
fx€{viaia ;e Rl

if x € {vei—2 |i € [k]t(]},

if x € {uZi_1 li e [E]};

ifx€fu ie [g‘]}.

if x = vo;

]—C]]}'
£k

if x € {vei-s|i €[]

if x € {vei-s |i = ]E] + 1,]2—] +2, ..,

if x € {vei-a,vei-3 |i € [k]};
if x € {vei, Vei—2 | Ek[k]}i
if x € {vizi1 |i € [LS[]};

if x € {vizi7 |i € (5113
if x € {uzi-1li € D%]};

. k
IfX€ Ly i€ (L5113

Theorem 2.8: LS, is a sum cordial graph for k > 3.

Proof: Case 1: k is even.
Define f: V(LS,) = {0, 1} as follows:

{ 1,

1,

0,
fx) = 7

0,

L

5n+

5n n+1

Thus, v (1) =] +1] andv (0) =L
f f

2 2

Case 2: k is odd.
Define f: V(LS,) = {0, 1} as follows:

if x = vo;
if x € {V4i—3,vai—2 |i € [K]};
if x € {u_,v4_ |t € [k]};

L 1

k
if x € {vai1li € [Zﬂ},
k+2 k+4

if x € {vgi |i = — T
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(1) = e (0) = 5k.
f f
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if x = vo;
if x € {Vai—3, Vai—2 |i € [k]};

_\
-

0, if x € {u;vq i € [K]};
@) = k-1
1, if x € {vaiali € [ 1¥
O dxe e, li=KrLEEI g
4i-1
2

Thus,v (0) =v (1) = sl Thus, obtained induced edge labeling ise (1) = e (0) = 4k.
f f 2 ! !

Hence, f satisfies the condition |vr(0) — vr(1)] <1 and |er(0) — er(1)] < 1. So, f admits sum cordial
labeling for LS. It is a sum cordial graph.

3. CONCLUSION

Using origami, new graphs like North star and Lotus star are introduced. Various graph labeling is applied on
both of the graphs. North star and Lotus star graph admits labeling like cordial, sum cordial, E — sum cordial and
signed product cordial labeling. Different cases where these graphs do not admit particular labeling is an open
problem for the researchers.
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